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Abstract
We prove that compact fibred systems, whose fibre maps are (uniformly) open and (uniformly)
expansive, and whose fibres are continuous in the Hausdorff metric, admit a topologically equivalent
metric with respect to which their fibre maps are (uniformly) expanding in the sense of Ruelle. This
extends Coven and Reddy’s result on expansive maps of compact metric spaces. Finally, we present
a family of fibred complex polynomials which are fibrewise expansive but not fibrewise expanding
with respect to the natural metric.
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1. Introduction
A fibred system is a dynamical system T :Y → Y on a metric space Y that forms a
fibre bundle over another dynamical system S :X→X, bundle which is preserved by the
dynamics of T by means of a factor map π :Y →X.
In 1999, Denker and Gordin [9] (see also [8,10]) started the investigation of the
properties of compact fibred systems whose fibre maps are (uniformly) expanding in
the sense of Ruelle. Our main goal is to identify the relation between systems having
(uniformly) expansive fibre maps and systems whose fibre maps are Ruelle expanding.
Our main result is the following.
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Theorem 1. Let Y = (Y,T ,X,S,π) be a fibrewise uniformly expansive and uniformly fi-
brewise open, uniformly continuous system, whose fibres are uniformly continuous in the
Hausdorff metric induced by the metric d on Y . Then there exists a topologically equiv-
alent and bounded metric ρ for Y with respect to which Y is fibrewise Ruelle expanding
and fibrewise Lipschitz, and π a strong contraction. Moreover, if π is uniformly contin-
uous, then ρ is uniformly topologically equivalent to d and T hence retains its uniform
continuity under ρ.
In the non-fibred case or, in other words, in the one-fibre case (that is, whenX consists of
only one point), Coven and Reddy [5] showed that expansive maps of compact manifolds
are, up to a compatible change of metric, expanding in the sense of Ruelle.
The notion of Ruelle expansion is due to D. Ruelle. In his now famous book on thermo-
dynamic formalism, Ruelle [19] extracted the properties of expanding endomorphisms of
compact differentiable manifolds that are sufficient for topological dynamical systems to
have the same ergodic theory. Recall that an expanding endomorphism of a compact dif-
ferentiable manifold Y is, as introduced by Shub [23], a C1 map f :Y → Y for which
there is a compatible Riemannian metric and a constant Λ > 1 such that the induced
norm ‖·‖ satisfies ‖Df n(v)‖  Λn‖v‖ for all n ∈ N and all tangent vectors v. Ruelle
defined a continuous surjective map f :Y → Y of a compact metric space Y as expanding
(henceforth called Ruelle expanding) if there exist constants a > 0 and Λ > 1 such that
if y1, y ′2 ∈ Y satisfy d(f (y1), y ′2) < 2a, then there is a unique y2 ∈ Y with f (y2) = y ′2,
d(y1, y2) < 2a and, furthermore, d(f (y1), f (y2)) Λd(y1, y2). (Note that Ruelle asked
for f to be surjective but, as our aim is different from his, we do not require this property
to be fulfilled.) This notion is obviously stronger than the more commonly known con-
cept of expansion that is described by the existence of constants a > 0 and Λ > 1 such
that d(f (y1), f (y2))Λd(y1, y2) whenever d(y1, y2) < 2a. However, Coven and Reddy
proved in [5] that these two notions of expansion coincide exactly when f is an open map
(note that Ruelle had already showed in his book that the notion of expansion he introduced
ensures that the map is a local homeomorphism).
Coven and Reddy could thereby reduce their proof to the establishment of the existence
of a compatible metric under which an expansive map of a compact manifold is expanding
(see [5]). They based their proof on the fact that such a map is a covering map and hence
has a universal covering space. They could therefore lift the map to a homeomorphism.
They also relied on Frink’s Metrization Lemma [14] (see also [11]) to accomplish the
appropriate change of metric.
Reddy [17] later remarked that the main ideas behind their proof could be almost
integrally transported to the case of a surjective map of a compact metric space.
Finally, Denker and Urban´ski [6] brought up a slightly different argument. Despite the
fact that the chief ideas are the same as Reddy’s ones and that their argument is lengthier,
it turns out that this latter is more suitable for generalization, for it is expressed in terms
of the metrics dn(y1, y2) = max0m<n d(f m(y1), f m(y2)), where n ∈ N. These metrics
are sometimes called Bowen’s metrics, since Bowen [2] used them extensively in defining
topological entropy for non-compact dynamical systems.
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Using these metrics, we will extend Coven and Reddy’s result. For this, we will, in
analogy to Denker and Gordin [9], introduce ‘fibrewise’ notions of expansiveness and
expansion. These notions will be respectively called fibrewise expansiveness and fibrewise
expansion, whereas Denker and Gordin’s notion of expansion will be accordingly coined
as a fibrewise Ruelle expansion. We will first prove the following.
Theorem 2. Let Y = (Y,T ,X,S,π) be a fibrewise uniformly expansive, uniformly
continuous system, whose fibres are uniformly continuous in the Hausdorff metric. Then
there exists a topologically equivalent and bounded metric ρ for Y with respect to which
Y is fibrewise expanding and fibrewise Lipschitz, and π a strong contraction. Moreover, if
π is uniformly continuous, then ρ is uniformly topologically equivalent to d and T retains
its uniform continuity under ρ.
This result generalizes Coven and Reddy’s one in two different manners. Firstly, it
applies not only to expansive maps of compact metric spaces, but also to the larger
family of uniformly expansive, uniformly continuous maps of arbitrary metric spaces.
In this regard, Theorem 2 further shows that the new metric is uniformly topologically
equivalent to the old one, so that the map retains its uniform continuity. Secondly, it
applies to the larger class of systems whose uniform expansiveness property lies along
their fibres and is therefore weaker than global uniform expansiveness. Evidently, the
conclusion is correspondingly weaker. However, it is not known whether all fibrewise
uniformly expansive systems are subject to this change of metric, for our result is only
valid for those systems whose fibres are uniformly continuous in the Hausdorff metric
induced by the original metric d on Y .
On the other hand, we will shed some light on the relation between fibrewise expanding
systems and fibrewise Ruelle expanding ones. As mentioned before, Coven and Reddy
were aware that a compact surjective dynamical system is Ruelle expanding if and only
if it is open and expanding. However, we will show that a system which is fibrewise
open and fibrewise expanding may not be fibrewise Ruelle expanding. This is due to
the fact that fibrewise openness and uniform (over the fibres) fibrewise openness are two
distinct notions for fibred systems, even for compact ones. Indeed, we will show the
following.
Theorem 3. Let Y = (Y,T ,X,S,π) be a fibrewise expanding system. Then Y is fibrewise
Ruelle expanding if and only if it is uniformly fibrewise open.
Note that Theorem 1 follows directly from Theorems 2 and 3.
The paper is organized as follows. In Section 2, we give basic definitions and properties.
In Section 3, we prove Theorem 2, and in Section 4, Theorem 3. Finally, we present
in Section 5 a family of fibrewise expansive systems. These systems are called fibred
polynomials and are fibrewise expansive on their Julia sets.
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2. Preliminaries
Throughout this paper, a fibred system is a collection Y = (Y,T ,X,S,π), where Y
and X are metric spaces, T :Y → Y and S :X→ X are continuous maps and π :Y → X
is a continuous surjective map which satisfies π ◦ T = S ◦ π . Thus, T preserves the
fibres Yx := π−1({x}). The restriction of T to the fibre Yx will be denoted by Tx , so
Tx :Yx → YS(x). The metric on Y will be denoted by d , while the metric imposed upon
X will be denoted by dX.
We will often be in the presence of two different metrics for Y and be willing to
‘compare’ them. Let us recall that two metrics d and ρ for a space Y are topologically
equivalent (or compatible) if they induce the same topology on Y . This is equivalent to the
exigence that the identity map Id : (Y, d)→ (Y,ρ) be a homeomorphism. Recall also that d
and ρ are said to be uniformly topologically equivalent if the identity map Id is a uniform
homeomorphism, that is, if both Id and its inverse are uniformly continuous.
Finally, a fibred system Y is said to be compact if Y is a compact space (note that this
implies that X is compact). It is also said to be uniformly continuous if T has this property
with respect to d .
We now turn our attention to fibred systems that exhibit various expansion behaviors on
their fibres. We look at those behaviors that take place uniformly over all fibres.
We first introduce a concept of expansiveness along the fibres of a system.
Definition 4. A fibred system Y = (Y,T ,X,S,π) is said to be fibrewise expansive if there
exists a constant ε > 0 such that the following holds:
If y1, y2 ∈ Y , π(y1)= π(y2) and y1 = y2, then supn∈N dn(y1, y2) > ε, where
dn(y1, y2)= max
0m<n
d
(
T m(y1), T
m(y2)
)
are new metrics defined on Y (though the notation does not show the dependence on T , it
is crucial to remember that these metrics arise from the dynamics of the system (Y,T )).
The open ball centred at y and of radius r in the metric dn is
⋂n−1
m=0 T −m(B(T m(y), r))
and will be denoted by Bn(y, r) (remark that d1 = d and hence B1(y, r)= B(y, r)).
Equivalently, Y is fibrewise expansive if there is ε > 0 such that y1, y2 ∈ Y , π(y1) =
π(y2) and supn∈N dn(y1, y2)= supn∈Z+ d(T n(y1), T n(y2)) ε implies that y1 = y2.
We call ε a fibrewise expansive constant. In these circumstances, we will say that Y is
fibrewise ε-expansive.
It is clear that an expansive fibred system is fibrewise expansive. Though the converse is
not true, one can easily prove the following fact.
Lemma 5. Let Y = (Y,T ,X,S,π) be a fibrewise expansive system for which π is
uniformly continuous. If S is expansive, so is T .
Note that the expansiveness of S does not in general constrain T to be expansive. Nor
does the expansiveness of T force S to be expansive (see, for instance, [25, p. 140]).
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It is also worthwhile recalling that Bryant [3] remarked in 1962 that there is a certain
type of uniformity associated with the expansiveness of compact dynamical systems. That
uniformity lies in the minimum rate at which the points of the system leave their mutual
neighbourhood of expansiveness. This rate depends solely on the distance separating
points. This behavior was formalized and studied by Sears [20] eleven years later. Its
generalization to fibred systems can be stated as follows.
Definition 6. A fibred system Y = (Y,T ,X,S,π) is called fibrewise uniformly expansive
if there is ε > 0 with the property that for all 0 < ε˜  ε, there exists N = N(ε˜) ∈ N such
that the following holds:
If y1, y2 ∈ Y, π(y1)= π(y2) and d(y1, y2) > ε˜, then dN(y1, y2) > ε.
The constant ε is then called a fibrewise uniform expansive constant for the system and
this latter is said to be fibrewise uniformly ε-expansive.
One immediate characterization of fibrewise uniform expansiveness is the following.
Lemma 7. A system Y = (Y,T ,X,S,π) is fibrewise uniformly ε-expansive if and only if
lim
n→∞ supy∈Y
diam
(
Bn(y, ε)∩ Yπ(y)
)= 0.
The following corollary is an easy consequence of this lemma.
Corollary 8. Let Y = (Y,T ,X,S,π) be a fibrewise uniformly ε-expansive system. Then
there exists M ∈N such that for every y ∈ Y
BM+1(y, ε)∩ Yπ(y) ⊆ B(y, ε/8)∩ Yπ(y).
It is evident that a fibrewise uniformly expansive system is fibrewise expansive. As in
the non-fibred case, the compactness of the system guarantees that these two notions be
equivalent (see [20]).
Lemma 9. Every compact, fibrewise expansive system is fibrewise uniformly expansive.
Proof. Let Y = (Y,T ,X,S,π) be a fibrewise ε-expansive compact fibred system. The
sequence (sup)y∈Y diam(Bn(y, ε) ∩ Yπ(y))n∈N is decreasing and hence converges to the
infimum of its set of values. Let
η := inf
n∈N supy∈Y
diam
(
Bn(y, ε)∩ Yπ(y)
)
.
If we had η > 0, then for each n ∈ N, there would exist y˜n, yn ∈ Y such that y˜n ∈
Bn(yn, ε) ∩ Yπ(yn) and d(y˜n, yn)  η/2. By taking a subsequence if necessary, we may
assume, thanks to the compactness of Y , that the sequences (y˜n)n∈N and (yn)n∈N converge
respectively to, say, y˜ and y . Then d(y˜, y) η/2 > 0 and therefore y˜ = y .
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But we would also have that π(y˜n)= π(yn), and the continuity of π would accordingly
ensure that π(y˜)= π(y). Moreover, for each m ∈ Z+, the continuity of T m would imply
that
d
(
T m(y˜), T m(y)
)= lim
n→∞d
(
T m(y˜n), T
m(yn)
)
 sup
n∈N
dn(y˜n, yn) ε
and we would deduce that
sup
m∈Z+
d
(
T m(y˜), T m(y)
)
 ε.
The fibrewise ε-expansiveness of the system would hence imply that y˜ = y , a contradic-
tion. Hence η= 0 and the result follows directly from Lemma 7. ✷
Nonetheless, note that there are non-compact systems which are fibrewise expansive but
not fibrewise uniformly expansive (again, see [20]).
We now define a stronger notion of expansion along the fibres of a system.
Definition 10. A fibred system Y = (Y,T ,X,S,π) is said to be fibrewise expanding if
there exist constants a > 0 and Λ> 1 such that the following holds:
If y1, y2 ∈ Y , π(y1)= π(y2) and d(y1, y2) < 2a, then
d
(
T (y1), T (y2)
)
Λd(y1, y2).
Such a system is also referred to as being fibrewise (a,Λ)-expanding.
Evidently, an expanding fibred system is fibrewise expanding and the converse is
obviously false.
It is also easy to see that a fibrewise expanding system is fibrewise uniformly expansive.
We will prove in the next section that these two notions coincide, up to a change of metric,
for an important class of fibred systems.
The last fibrewise expansion behavior we will be interested in was already defined by
Denker and Gordin in [9].
Definition 11. A fibred system Y = (Y,T ,X,S,π) is called fibrewise Ruelle expanding
if there exist constants a > 0 and Λ> 1 such that the following condition holds:
If y1, y ′2 ∈ Y , π(T (y1)) = π(y ′2) and d(T (y1), y ′2) < 2a, then there exists a unique
y2 ∈ Y such that T (y2)= y ′2, π(y2)= π(y1) and d(y1, y2) < 2a. Furthermore,
d
(
T (y1), T (y2)
)
Λd(y1, y2).
Such a system is called fibrewise Ruelle (a,Λ)-expanding.
In contradistinction to the notions of expansion introduced earlier, it is not true, in
general, that a Ruelle expanding fibred system is fibrewise Ruelle expanding. Indeed, one
can show that the following compact system is Ruelle expanding, though not fibrewise
Ruelle expanding.
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Example 12. Set
X = {±1/2s,3− 1/2s}
s∈N∪{∞} ∪ {2}
and Y =⋃x∈X Yx , where
Yx =


{(x,0), (x,3)} if x =±1/2s ,
{(x,±1/2s)} if x = 3− 1/2s ,
{(2,±1)} if x = 2.
Now let the map π :Y → X be the projection on the x-axis of R2, namely, π(x, y)= x ,
so that the fibres of the system are the non-empty intersections of the vertical lines with Y .
Let also the map S :X→X be defined as
S(x)=
{
3− 1/2s−1 if x =±1/2s,3− 1/2s ,
2 if x = 2
and the map T :Y → Y by
T (x, y)=


(3− 1/2s−1,1/2s−1) if x = 1/2s, y = 3,
(3− 1/2s−1,−1/2s−1) if x = 1/2s, y = 0,
(3− 1/2s−1,−1/2s−1) if x =−1/2s, y = 3,
(3− 1/2s−1,1/2s−1) if x =−1/2s, y = 0,
(3− 1/2s−1,1/2s−1) if x = 3− 1/2s, y > 0,
(3− 1/2s−1,−1/2s−1) if x = 3− 1/2s, y < 0,
(x, y) if x = 2.
On the other hand, it is clear that a fibrewise Ruelle (a,Λ)-expanding system is fibrewise
(a,Λ)-expanding. We will show in Section 4 that the converse holds if and only if the
system under observation is uniformly fibrewise open. This leads us to the definition of
uniform fibrewise openness.
Recall that a continuous map T :Y → Y ′ of a metric space Y into another metric
space Y ′ is open if for every y ∈ Y and δ > 0, there exists εy(δ) > 0 such that
T (BY (y, δ)) ⊆ BY ′(T (y), εy(δ)). If, in addition, one can choose the εy(δ)’s in such a
way that infy∈Y εy(δ) > 0 for every δ > 0, then T is called uniformly open. Evidently,
a uniformly open map is open. The converse is not true though, but it is well known that
these two notions coincide whenever the domain of T , namely Y , is compact.
We now define some notions of openness along the fibres of a system.
Definition 13. A fibred system Y = (Y,T ,X,S,π) is called fibrewise open if the fibre
map Tx :Yx → YS(x) is open for every x ∈X.
Moreover, Y is said to be fibrewise uniformly open if each fibre map Tx is uniformly
open.
Clearly, a fibrewise uniformly open system is fibrewise open, but the converse does not
hold in general. However, it can be easily showed that a fibrewise open compact fibred
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system is fibrewise uniformly open, that is, for each x ∈ X and every δ > 0, there exists
εx(δ) > 0 such that for all y ∈ Yx
T
(
B(y, δ)∩ Yx
)⊇ B(T (y), εx(δ))∩ YS(x).
This follows from the fact that a compact fibred system has compact fibres.
Unfortunately, it may happen that the infimum of the supremum of the constants
{εx(δ)}x∈X that can be chosen be 0 for some δ. Indeed, consider the following compact
fibred system.
Example 14. Let X = [0,1], Y =⋃x∈X Yx , where Yx = {(x,0), (x, x)}, and π :Y → X
be the projection on the x-axis of R2. Define also S :X→X by
S(x)=
{
2x if x  1/2,
2− 2x if x  1/2
and T :Y → Y by
T (x, y)= (2x,2y) if x  1/2,
T (x,0)= (2− 2x,0) if x  1/2,
T (x, x)= (2− 2x,2− 2x) if x  1/2.
It is readily seen that Y is fibrewise open (and, by compactness of Y , fibrewise uniformly
open), for its fibres are (finite) discrete subspaces. More precisely, given δ > 0, we obtain
that εsupx (δ) := sup εx(δ) = S(x) whenever δ  x < 1, whereas εsupx (δ) = ∞ whenever
x < δ or x = 1. (Remark that this only happens when the image of a relative ball of radius
δ covers the image fibre.) Therefore, given 0 < δ < 1, we deduce that infx∈X εsupx (δ) =
infδx<1 S(x)= 0.
Moreover, a lengthy calculation shows that Y is fibrewise (a,Λ)-expanding with 1 <
Λ  2 and 0 < 2a  2/(Λ + 2). However, it is not fibrewise Ruelle expanding. Indeed,
given 0 < a < 1/2, choose x > max(2a,1 − a), y1 = (x, x) and y ′2 = (2 − 2x,0). Then
π(T (y1)) = 2 − 2x = π(y ′2) and d(T (y1), y ′2) = 2 − 2x < 2a. The only point y2 ∈ Y
satisfying T (y2)= y ′2 = (2−2x,0) and π(y2)= π(y1)= x is the point y = (x,0). But this
point does not satisfy d(y1, y2) < 2a, for d(y1, y)= x > 2a. On the other hand, if a  1/2,
choose x > 2/3 and y1, y ′2 as above. Then π(T (y1)) = π(y ′2) and d(T (y1), y ′2) < 2a.
This time there is a unique point y2 ∈ Y that satisfies T (y2) = y ′2, π(y2) = π(y1) and
d(y1, y2) < 2a. This point is y = (x,0). Nevertheless, d(T (y1), T (y)) = 2 − 2x < x =
d(y1, y). This proves that Y is not fibrewise Ruelle expanding.
Hence the situation of openness may differ considerably from one fibre to another. We
now define a notion that uniformizes the situation of openness over the fibres.
Definition 15. Let Y = (Y,T ,X,S,π) be a fibred system. Y is called uniformly fibrewise
open if for every δ > 0, there exists ε > 0 such that for all y ∈ Y
T
(
B(y, δ)∩ Yπ(y)
)⊇ B(T (y), ε)∩ YS(π(y)).
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Equivalently, Y is uniformly fibrewise open if it is fibrewise uniformly open and one can
choose the εx(δ)’s (mentioned earlier) in such a way that infx∈X εx(δ) > 0 for every δ > 0.
This means in particular that the system considered in the previous example is not
uniformly fibrewise open.
Remark also that an open fibred system (meaning that T is an open map) is generally
not fibrewise open. Neither does the converse hold. Nevertheless, we now prove that when
S is supplementarily locally injective, then the system is uniformly fibrewise open.
Lemma 16. Any compact fibred system Y = (Y,T ,X,S,π) for which T is open and S
locally injective is uniformly fibrewise open.
Proof. Let d be the metric on Y . Suppose that Y satisfies the hypotheses but is not
uniformly fibrewise open. Then there are δ > 0 and sequences (yn)n∈N and (z′n)n∈N in
Y such that z′n ∈ B(T (yn),1/n) ∩ YS(π(yn)) but z′n /∈ T (B(yn, δ) ∩ Yπ(yn)). Without loss
of generality, we may assume that the sequence (yn)n∈N converge to some point y0. The
continuity of T then ensures that the sequence (T (yn))n∈N converge to T (y0). So does the
sequence (z′n)n∈N too. As S is locally injective, π continuous and T open, there exist 0 <
η < δ and β > 0 such that S is injective on π(B(y0, η)) and B(T (y0), β)⊆ T (B(y0, η)).
Considering a subsequence of (yn)n∈N if necessary, we may suppose that z′n ∈B(T (y0), β)
for all n ∈N. We now choose zn ∈ T |−1B(y0,η)(z′n). Then d(zn, y0) < η < δ. This implies that
d(zn, yn) < δ for all sufficiently large n’s. Moreover, we know that π(z′n) = S(π(yn)),
that yn, zn ∈ B(y0, η) for big enough n’s and that S is injective on π(B(y0, η)). Then
S(π(zn)) = π(T (zn)) = π(z′n) = S(π(yn)) implies that π(zn) = π(yn). Hence we have
showed that zn ∈ B(yn, δ) ∩ Yπ(yn) for all sufficiently large n’s and we correspondingly
conclude that z′n = T (zn) ∈ T (B(yn, δ) ∩ Yπ(yn)) for big enough n’s. This contradicts the
definition of the z′n’s. ✷
We finally indicate what a fibrewise Lipschitz system is.
Definition 17. A fibred system Y = (Y,T ,X,S,π) is fibrewise Lipschitz if there exists a
constant C > 0 such that for every y1, y2 ∈ Y with π(y1)= π(y2), it holds that
d
(
T (y1), T (y2)
)
 Cd(y1, y2).
3. Fibrewise uniformly expansive vs. fibrewise expanding systems
Before proving Theorem 2, we state, for the sake of completeness, Frink’s Metrization
Lemma [14] (see also [11]), lemma on which all the approaches exploited so far (as well
as ours) are based.
Lemma 18. Let Y be a topological space. Suppose (Un)n∈Z+ to be a nested sequence of
open symmetric neighbourhoods of the diagonal ∆=∆(Y ) of Y × Y such that
U0 = Y × Y,
⋂
n∈Z+
Un =∆
382 M. Roy / Topology and its Applications 124 (2002) 373–396
and, for all n ∈N,
Un ◦Un ◦Un ⊆Un−1,
where, given a set W ⊆ Y × Y , one defines W ◦ W = {(y1, y2) ∈ Y × Y | ∃y ∈ Y with
(y1, y), (y, y2) ∈W }.
Then there exists a compatible metric ρ :Y × Y →[0,1] such that
Un ⊆
{
(y1, y2) ∈ Y × Y | ρ(y1, y2) < 2−n
}⊆Un−1.
We now prove Theorem 2. Recall that π is a strong contraction if there exists 0 < λ< 1
such that dX(π(y1),π(y2)) λd(y1, y2) for all y1, y2 ∈ Y .
Proof of Theorem 2. The proof is divided into nine steps.
Step 1. We define a sequence of positive parameters that decreases monotonically to 0 and
that will later ensure a good control on the fibres.
Description. As T is uniformly continuous, so are all of its iterates T m (m ∈ Z+). Hence,
given ε˜ > 0 and n ∈N, there exists 0 < δ′′n(ε˜) < ε˜ such that
d(y1, y2) < δ
′′
n(ε˜) ⇒ dn(y1, y2) < ε˜.
The continuity assumption on the fibres is rigorously expressed via the definition of the
map
π :X → F(Y)
x → π(x)= Yx,
where F(Y) is the space of all fibres of Y endowed with the Hausdorff metric dH induced
by d , namely, the distance between Yx1, Yx2 ∈F(Y) is given by
dH (Yx1, Yx2) :=max
(
sup
y1∈Yx1
d(y1, Yx2), sup
y2∈Yx2
d(Yx1, y2)
)
.
The uniform continuity of π means that for each ε˜ > 0 and n ∈ N, there exists δ′n(ε˜) > 0
such that
dX(x1, x2) < δ
′
n(ε˜) ⇒ dH (Yx1, Yx2) < δ′′n(ε˜/2).
The desired parameters are defined by recursion as
δ1(ε˜)= min
(
δ′1(ε˜), δ′′1 (ε˜)
)
and
δn(ε˜)=min
(
δ′n(ε˜), δ′′n(ε˜),
δn−1(ε˜)
3
)
for n 2.
Step 2. We now define a suitable nested sequence of sets.
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Description. For ε˜ > 0 and n ∈N, let
Vn(ε˜)=
{
(y1, y2) ∈ Y × Y
∣∣dX(π(y1),π(y2))< 13δn+1(ε˜), dn+1(y1, y2) < ε˜
}
and define
U0 = Y × Y and Un = VnM(ε/4),
where ε < 2 is a fibrewise uniform expansive constant for Y and M ∈ N is chosen,
following Corollary 8, in such a way that for any y ∈ Y , we have BM+1(y, ε) ∩ Yπ(y) ⊆
B(y, ε/8).
Step 3. We show that Un ◦Un ◦Un ⊆Un−1 for all n ∈N.
Proof. It is evident that U1 ◦ U1 ◦ U1 ⊆ U0. So, let (y1, y4) ∈ Un ◦ Un ◦ Un for some
n > 1. Then there exist y2, y3 ∈ Y such that (y1, y2), (y2, y3), (y3, y4) ∈ Un. Hence, for
j = 1,2,3, we have dX(π(yj ),π(yj+1)) < 13δnM+1(ε/4) and dnM+1(yj , yj+1) < ε/4.
This implies that
dX
(
π(y1),π(y4)
)
< δnM+1(ε/4)
1
3
δ(n−1)M+1(ε/4). (1)
Moreover, because of the uniform continuity of the fibres, we can find a point y˜4 ∈
Yπ(y1) with d(y˜4, y4) < δ′′nM+1(ε/8). Indeed, since dX(π(y1),π(y4)) < δnM+1(ε/4) 
δ′nM+1(ε/4), we have that dH (Yπ(y1), Yπ(y4)) < δ′′nM+1(ε/8). Since y4 ∈ Yπ(y4), there exists
y˜4 ∈ Yπ(y1) such that d(y˜4, y4) < δ′′nM+1(ε/8). The choice of the constant δ′′nM+1(ε/8) then
implies that dnM+1(y˜4, y4) < ε/8. Consequently,
dnM+1(y1, y˜4)  dnM+1(y1, y2)+ dnM+1(y2, y3)
+ dnM+1(y3, y4)+ dnM+1(y4, y˜4)
< ε/4+ ε/4+ ε/4+ ε/8 < ε.
Hence, for 0  j < (n − 1)M + 1, we obtain that dM+1(T j (y1), T j (y˜4)) < ε or,
equivalently, T j (y˜4) ∈ BM+1(T j (y1), ε) ∩ Yπ(T j (y1)). By the way M was chosen, we
deduce that T j (y˜4) ∈B(T j (y1), ε/8) for all 0 j < (n− 1)M + 1. We therefore observe
that d(n−1)M+1(y1, y˜4) < ε/8 and thus
d(n−1)M+1(y1, y4)  d(n−1)M+1(y1, y˜4)+ dnM+1(y˜4, y4)
< ε/8+ ε/8= ε/4. (2)
So, by (1) and (2), we conclude that (y1, y4) ∈Un−1.
Step 4. The sets Un are open symmetric subsets of Y × Y .
Proof. This is obvious for n= 0. So, fix n ∈N and let (y1, y2) ∈ Un. Then
dX
(
π(y1),π(y2)
)
<
1
3
δnM+1(ε/4) and dnM+1(y1, y2) < ε/4.
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Since π is continuous on Y , there exists for each ε˜ > 0 and y ∈ Y a constant ωy(ε˜) > 0
such that
d(y ′, y) < ωy(ε˜) ⇒ dX
(
π(y ′),π(y)
)
< ε˜.
Now let
γ := 1
2
(
1
3
δnM+1(ε/4)− dX
(
π(y1),π(y2)
))
> 0,
ξ := 1
2
(
ε
4
− dnM+1(y1, y2)
)
> 0
and
ζ :=min(ωy1(γ ),ωy2(γ ), δnM+1(ξ))> 0,
and suppose that (y ′1, y ′2) ∈ Y × Y is such that
dY×Y
(
(y ′1, y ′2), (y1, y2)
) := d(y ′1, y1)+ d(y ′2, y2) < ζ.
Then one can easily show that (y ′1, y ′2) ∈ Un. Since (y1, y2) ∈ Un was chosen arbitrarily,
the set Un is open.
It is also clear that the Vn’s, and hence the Un’s, are symmetric by definition.
Step 5.
⋂
n∈Z+ Un =∆(Y ).
Proof. It is clear that
∆(Y )⊆
⋂
n∈Z+
Un. (3)
Now, let (y1, y2) ∈ (Y × Y )\∆(Y ). If π(y1) = π(y2), then, choosing N ∈ N such that
dX(π(y1),π(y2))  13δNM+1(ε/4), we observe that (y1, y2) /∈ VNM(ε/4) = UN . So,
suppose that π(y1)= π(y2). Because of the fibrewise ε-expansiveness of the system, there
exists N ∈ N such that dNM+1(y1, y2) > ε. This implies that (y1, y2) /∈ UN . Hence we
obtain[
(Y × Y )\∆(Y )]∩ [ ⋂
n∈Z+
Un
]
= ∅ (4)
and we conclude from (3) and (4) that⋂
n∈Z+
Un =∆(Y ).
Step 6. There exists a topologically equivalent metric ρ′ :Y × Y →[0,1] such that
Un ⊆
{
(y1, y2) ∈ Y × Y | ρ′(y1, y2) < 2−n
}⊆Un−1
for all n ∈N and with respect to which Y is fibrewise Lipschitz.
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Moreover, the identity map Id : (Y,ρ′)→ (Y, d) is uniformly continuous. If, in addition,
π is uniformly continuous, then ρ′ is uniformly topologically equivalent to d and T thereby
retains its uniform continuity under ρ′.
Proof. Steps 3, 4 and 5 show that the sequence (Un)n∈Z+ satisfies all the hypotheses of
Frink’s Metrization Lemma. We hence obtain a compatible metric ρ′ satisfying the set
inclusions indicated above.
Now, suppose that two points y1, y2 ∈ Y are such that π(y1)= π(y2). Then there exists
a (unique) n ∈ Z+ such that (y1, y2) ∈ Un\Un+1. If n = 0, then ρ′(y1, y2)  2−(n+2)
and there exists j , with 1  (n − 1)M + 1 < nM + 1  j < (n + 1)M + 1, such that
d(T j (y1), T j (y2))  ε/4. Therefore d(T j−1(T (y1)), T j−1(T (y2)))  ε/4 and we get
(T (y1), T (y2)) ∈ Un−1\Un+1. It follows from this that
ρ′
(
T (y1), T (y2)
)
< 2−(n−1)  23ρ′(y1, y2).
And if n= 0, we have
ρ′
(
T (y1), T (y2)
)
 1 4ρ′(y1, y2).
The previous two relations show that Y is fibrewise Lipschitz under ρ′.
Let us now show that the identity map Id : (Y,ρ′)→ (Y, d) is uniformly continuous.
For this, choose an arbitrary 0 < 2ζ  ε/4. Since Y is fibrewise uniformly ε-expansive,
there exists n0 ∈ Z+ such that dn0M+1(y1, y2) > ε/2 whenever π(y1) = π(y2) and
d(y1, y2) > ζ . We also have that dn0M+1(y1, y2) < ζ whenever d(y1, y2) < δn0M+1(ζ )
(see step 1). Furthermore, it follows from the uniform continuity of the fibres that there
exists ξ > 0 such that dH (Yx1, Yx2) < δn0M+1(ζ ) whenever dX(x1, x2) < ξ . Choose
n ∈ N, n  n0, such that δnM+1(ε/4)/3 < ξ . We claim that d(y1, y2)  2ζ whenever
(y1, y2) ∈ Un. Indeed, suppose this is not the case. Then there are points y1, y2 ∈ Y such
that dX(π(y1),π(y2)) < dnM+1(ε/4)/3 and δnM+1(y1, y2) < ε/4, though d(y1, y2) > 2ζ .
The first of these inequalities implies that there is y3 ∈ Y such that π(y3) = π(y1) and
d(y3, y2) < δn0M+1(ζ ), from which it follows that dn0M+1(y3, y2) < ζ . Hence, using
the second inequality, we observe that dn0M+1(y3, y1) < ζ + ε/4 < ε/2, even though
π(y3) = π(y1) and d(y3, y1) > 2ζ − δn0M+1(ζ ) > ζ . This contradicts the definition of
n0 and completes the proof of the uniform continuity of Id : (Y,ρ′)→ (Y, d).
If π is uniformly continuous, then for every ε˜ > 0, there is a constant 0 <ω(ε˜) < ε˜
such that dX(π(y ′),π(y)) < ε˜ whenever d(y ′, y) < ω(ε˜). Letting y1, y2 ∈ Y be such
that d(y1, y2) < ω( 13 δnM+1(ε/4)), we get dX(π(y1),π(y2)) <
1
3δnM+1(ε/4) and
dnM+1(y1, y2) < ε/4. Therefore (y1, y2) ∈ VnM(ε/4) = Un and hence ρ′(y1, y2) < 2−n.
This proves that the identity map Id : (Y, d)→ (Y,ρ′) is uniformly continuous whenever π
is.
Step 7. There exist constantsN ∈N, a′ > 0 andΛ′ > 1 such thatYN = (Y,T N,X,SN,π)
is a fibrewise (a′,Λ′)-expanding system under the metric ρ′.
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Proof. Suppose that two points y1, y2 ∈ Y are such that π(y1) = π(y2) and 0 <
ρ′(y1, y2) < 2−4. Then there exists a (unique) n  3 such that (y1, y2) ∈ Un\Un+1. This
implies in particular that
2−(n+2)  ρ′(y1, y2) < min
(
2−4,2−n
)
and
dnM+1(y1, y2) < ε/4 d(n+1)M+1(y1, y2).
Consequently, there exists a j with nM+1 j < (n+1)M +1 and d(T j (y1), T j (y2))
ε/4. Now we express j as j = 3M + i , where i thereby satisfies 0  (n − 3)M < i 
(n − 2)M . It immediately follows for T 3M that d(T i(T 3M(y1)), T i(T 3M(y2)))  ε/4.
Hence di+1(T 3M(y1), T 3M(y2)) ε/4 and we deduce(
T 3M(y1), T
3M(y2)
)
/∈ Vi(ε/4)⊇ V(n−2)M(ε/4)=Un−2.
Therefore
ρ′
(
T 3M(y1), T
3M(y2)
)
 2−(n−1) = 2 · 2−n > 2ρ′(y1, y2).
So, whenever ρ′(y1, y2) < 1/16,
ρ′
(
T 3M(y1), T
3M(y2)
)
 2ρ′(y1, y2),
that is, Y3M is fibrewise (a′,Λ′)-expanding with constants 2a′ = 1/16 and Λ′ = 2.
Step 8. There exists a compatible and bounded metric ρ for Y under which Y is fibrewise
expanding and fibrewise Lipschitz. Moreover, whenever π is uniformly continuous, ρ is
uniformly topologically equivalent to ρ′ and hence to d .
Proof. In fact, we show the following lemma, which is a topological extension of Mather’s
result on adapted metrics (see [15]). It is also a generalization of the so-called Inheritance
Lemma (see, for instance, [5,17]).
Lemma 19. The iterates Yn = (Y,T n,X,Sn,π) of a fibrewise expanding, uniformly
continuous system Y = (Y,T ,X,S,π) are fibrewise expanding with respect to the same
metric.
On the other hand, if an iterate Yn of Y is fibrewise expanding, then there exists a
topologically equivalent metric with respect to which Y is fibrewise expanding. If, in
addition, Y is fibrewise Lipschitz, then there is a topologically equivalent metric with
respect to which Y is both fibrewise expanding and fibrewise Lipschitz. Furthermore, if
T is uniformly continuous, then there is a uniformly topologically equivalent metric with
respect to which Y is fibrewise expanding (and fibrewise Lipschitz whenever Yn has this
property). Finally, in all cases, the new metric is bounded whenever the original one is.
Proof. Assume that Y = (Y,T ,X,S,π) is fibrewise (a,Λ)-expanding with respect to
some metric ρ and that T is uniformly continuous under this latter. Fix also n ∈ N. Then
there exists an > 0 such that
ρ(y1, y2) < 2an ⇒ sup
0m<n
ρ
(
T m(y1), T
m(y2)
)
< 2a.
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Therefore
ρ
(
T n(y1), T
n(y2)
)
Λnρ(y1, y2)
whenever π(y1) = π(y2) and ρ(y1, y2) < 2an. This shows that Yn is fibrewise (an,Λn)-
expanding under ρ whenever T is uniformly continuous.
Suppose now that there is a metric ρn for Y with respect to which Yn is fibrewise
(an,Λ
n)-expanding and define the following metric on Y :
ρ(y1, y2)=
n−1∑
m=0
1
Λm
ρn
(
T m(y1), T
m(y2)
)
,
where Λ= (Λn)1/n. Then one can easily show that
ρ
(
T (y1), T (y2)
)
Λρ(y1, y2)
whenever π(y1) = π(y2) and ρ(y1, y2) < 2an, that is, Y is fibrewise (a,Λ)-expanding
under the metric ρ with constants a = an and Λ= (Λn)1/n. If, in addition, Y is fibrewise
Lipschitz under ρn, then one can readily observe that Y is fibrewise Lipschitz under ρ.
Similarly, it is evident that ρ is bounded whenever ρn is.
It is also rather clear from its definition that ρ is topologically equivalent to ρn. So, let
us show that ρ and ρn are uniformly topologically equivalent whenever T is uniformly
continuous with respect to ρn.
On the one hand,
ρ(y1, y2) ρn(y1, y2). (5)
On the other hand, since T is uniformly continuous with respect to ρn, so are all of its
iterates. Thus, given ε˜ > 0, there exists δn = δn(ε˜) > 0 such that
ρn(y1, y2) < δn ⇒ sup
0m<n
ρn
(
T m(y1), T
m(y2)
)
<
(
1
/ n−1∑
m=0
1
Λm
)
ε˜,
from which it follows that
ρn(y1, y2) < δn ⇒ ρ(y1, y2) < ε˜. (6)
Relations (5) and (6) show that the metrics ρ and ρn are uniformly topologically equivalent
whenever T is uniformly continuous with respect to ρn. This completes the proof of the
lemma. ✷
Step 8 follows immediately from steps 6 and 7 and the previous lemma.
Step 9. π is a strong contraction with respect to both ρ′ and ρ.
Proof. If y1, y2 ∈ Y are such that π(y1) = π(y2), then there is nothing to prove. So,
assume that y1, y2 ∈ Y are such that π(y1) = π(y2). This means in particular that y1 =
y2. Hence there is a (unique) n ∈ Z+ such that (y1, y2) ∈ Un\Un+1. This implies that
ρ′(y1, y2) 2−(n+2). Since (y1, y2) ∈Un, we obtain that
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dX
(
π(y1),π(y2)
)
<
1
3
δnM+1(ε/4)
1
3
1
3nM
δ1(ε/4)
1
3nM+1
ε
4
 1
2nM+1
ε
4
 1
2n+1
ε
4
 ε
2
ρ′(y1, y2).
Since we have chosen ε < 2, we conclude that π is a strong contraction under ρ′ and, since
ρ′  ρ, under ρ.
This completes the proof of the theorem. ✷
For compact fibred systems, we have the following corollary.
Corollary 20. Let Y = (Y,T ,X,S,π) be a compact fibred system which is fibrewise
expansive and whose fibres are continuous in the Hausdorff metric. Then there exists a
topologically equivalent metric for Y with respect to which Y is fibrewise expanding and
π is a strong contraction.
Proof. We showed in Lemma 9 that the notions of fibrewise expansiveness and fibrewise
uniform expansiveness are the same for compact fibred systems. Moreover, because of the
compactness of the system, the assumptions of uniform continuity on T and the fibres
simply boil down to requirements of continuity. ✷
For ordinary dynamical systems, we obtain a generalization of Reddy’s result (see [17]).
Corollary 21. If (Y,T ) is a uniformly expansive, uniformly continuous dynamical system,
then there exists a uniformly topologically equivalent metric for Y with respect to which
the system is expanding and remains uniformly continuous.
Proof. We have already mentioned that an ordinary dynamical system can be conceived
as a fibred system consisting of a unique fibre (that is, X reduces to a single point). This
means that the notion of fibrewise uniform expansiveness coincides with that of uniform
expansiveness. That the fibres are uniformly continuous in the Hausdorff metric is trivial
since there is only one fibre. For the same reason, π is constant and thereby uniformly
continuous. ✷
4. Fibrewise expanding vs. fibrewise Ruelle expanding systems
As mentioned earlier, Coven and Reddy observed in [5] that an expanding surjective
compact dynamical system is Ruelle expanding if and only if it is open. This result could
be restated by replacing the term open by the term uniformly open, since the underlying
space is compact.
The situation is somewhat different for fibred systems. Fibrewise (uniform) openness
and uniform fibrewise openness are two distinct properties, even for compact systems.
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Example 14 also shows that there are fibrewise (uniformly) open, fibrewise expanding
compact systems that are not fibrewise Ruelle expanding. This is because we must
imperatively require that the system be uniformly fibrewise open in order to observe a
fibrewise Ruelle expansion. Example 14 further suggests that surjectivity and fibrewise
surjectivity do not make the difficulties disappear. This is confirmed by Theorem 3.
Proof of Theorem 3. Assume that Y is uniformly fibrewise open and fibrewise (a,Λ)-
expanding for some constants a > 0 and Λ > 1. If y1, y2 ∈ Y , y1 = y2, π(y1) = π(y2)
and T (y1) = T (y2), then d(y1, y2)  2a. Hence for each y ∈ Y , the map T :B(y, a) ∩
Yπ(y) → YS(π(y)) is injective. Moreover, as Y is uniformly fibrewise open, there exists
ε > 0 such that T (B(y, a) ∩ Yπ(y)) ⊇ B(T (y),2ε) ∩ YS(π(y)) for all y ∈ Y . Then for
y1, y
′
2 ∈ Y such that π(T (y1)) = π(y ′2) and d(T (y1), y ′2) < 2ε, there exists a unique
y2 ∈ B(y1, a) ∩ Yπ(y1), with T (y2) = y ′2, that satisfies d(T (y1), T (y2))  Λd(y1, y2).
This implies that d(y1, y2)  Λ−1d(T (y1), y ′2) < Λ−12ε < 2ε. Hence there exists a
unique y2 ∈ Y such that T (y2) = y ′2,π(y2) = π(y1) and d(y1, y2) < 2ε. Furthermore,
d(T (y1), T (y2))  Λd(y1, y2). This precisely shows that Y is fibrewise Ruelle (ε,Λ)-
expanding.
Suppose now that Y is fibrewise Ruelle (a,Λ)-expanding, though not uniformly fibre-
wise open. Then there exists δ > 0 such that for all n ∈N, one can find yn ∈ Y with
T
(
B(yn, δ)∩ Yπ(yn)
)
 B
(
T (yn),1/n
)∩ YS(π(yn)).
For each n ∈N, choose
z′n ∈
[
B
(
T (yn),1/n
)∩ YS(π(yn))]\T (B(yn, δ)∩ Yπ(yn)).
Let N ∈ N be such that N  max(1/2a,1/Λδ) and fix n  N . Then yn and z′n are such
that π(T (yn))= π(z′n) and d(T (yn), z′n) < 1/n 2a. Hence there exists a unique zn ∈ Y
such that T (zn) = z′n, π(zn) = π(yn) and d(zn, yn) < 2a. Furthermore, d(z′n, T (yn)) 
Λd(zn, yn). This implies that d(zn, yn) < 1/Λn and therefore
z′n ∈ T
(
B(yn,1/Λn)∩ Yπ(yn)
)⊆ T (B(yn, δ)∩ Yπ(yn)).
This contradicts the definition of the z′n’s. ✷
5. Examples of fibrewise expansive and fibrewise expanding systems
The family of fibred systems we now present to the reader are commonly called fibred
polynomials and have been introduced by O. Sester, following earlier work done in the
same spirit by Heinemann (cf. [12]) and Jonsson (cf. [13]) on Julia sets for maps of several
complex variables. Some work in this direction has also been more recently accomplished
by Sumi (cf. [24]).
We first recall some basic definitions (cf. [22]).
Definition 22. Let X be a compact metric space. A continuous map P :X×C→X×C
is a fibred polynomial if
P(x, z)= (f (x),Px(z)),
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where f :X→X is a continuous map and Px :C→ C is a polynomial of degree at least
two for each x ∈X.
Definition 23. Let P :X×C→X×C be a fibred polynomial. For each n ∈N and x ∈X,
we set Pn = P ◦ · · · ◦P (n times), Pnx = Pf n−1(x) ◦ · · · ◦Px and P 0x = IdC. The set
Fx =
{
z ∈C | {Pnx }n∈N is normal at z}
is called the Fatou set for P in x , and Jx = C\Fx the Julia set for P in x . Moreover, we
define the Julia set for P as
J (P )=
⋃
x∈X
{x} × Jx,
whereas
F(P)= (X×C)\J (P )
is the Fatou set for P . We also define
Kx =
{
z ∈C | {Pnx (z)}n∈N is a bounded subset of C}
and
K(P)=
⋃
x∈X
Kx.
Finally, we say that
Crit(P )= {(x, z) ∈X×C | P ′x(z)= 0}
is the critical set for P and
Post(P )=
⋃
n∈N
Pn
(
Crit(P )
)
the postcritical set for P .
The following lemma regroups the most fundamental properties of J (P ).
Lemma 24. Let P :X×C→X×C be a fibred polynomial with P(x, z)= (f (x),Px(z)).
The following statements hold.
(i) For x ∈X, we have P−1x (Ff (x))= Fx and P−1x (Jf (x))= Jx ;
(ii) J (P ) is forward invariant, that is, P(J (P ))⊆ J (P );
(iii) If f is surjective, then P is surjective, too;
(iv) If f is an open surjective map, then J (P ) is completely invariant, that is,
P−1(J (P ))= J (P )= P(J (P ));
(v) The map x → Jx is lower semicontinuous with respect to the Hausdorff metric for
the space of compact subsets of C (cf. [22, Proposition 2.9]).
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An important family of fibred polynomials are those whose postcritical sets stay away
from their Julia sets. They are said to be hyperbolic along fibres.
Definition 25. Let P :X×C→X×C be a fibred polynomial. We say that P is hyperbolic
along fibres if Post(P )⊆ F(P).
Another important family of fibred polynomials are those that are coined expanding
along fibres.
Definition 26. Let P :X×C→X×C be a fibred polynomial. We say that P is expanding
along fibres if there exist constants C > 0 and λ > 1 such that for each n ∈N
inf
(x,z)∈J (P )
∣∣(Pnx )′(z)∣∣ Cλn.
In fact, Sester has shown that the previous two families are the same (cf. [22, Theo-
rem 1.1]).
Theorem 27. A fibred polynomial P :X × C→ X × C is hyperbolic along fibres if and
only if it is expanding along fibres.
Sester further proved the following (cf. [22, Proposition 4.1]).
Proposition 28. If P :X ×C→X ×C is a fibred polynomial which is hyperbolic along
fibres, then P has continuous fibres, that is, the application x → Jx is continuous with
respect to the Hausdorff metric on the space of compact subsets of C.
Let us finally recall two other results (cf. [22, Corollary 2.6] and [22, Theorem 5.2]).
Theorem 29. The set Kx is connected for all x ∈X if and only if Crit(P )⊆K(P).
Theorem 30. If P :X×C→X×C is a fibred polynomial which is hyperbolic along fibres
and if int Kx is a non-empty connected set for all x ∈ X, then each Kx is a κ-quasidisk
(with κ independent of x) and therefore each Jx is a κ-quasicircle.
Sester’s work has so far been concentrated on the family of fibred polynomials that are
hyperbolic along fibres or, equivalently, expanding along fibres. However, these systems
have higher iterates that are fibrewise expanding and Mather’s trick suffices to obtain (an
even explicit description of ) a compatible metric with respect to which the systems are
fibrewise expanding. This explains why we will henceforth concentrate on those fibred
polynomials that are not hyperbolic along fibres. One particularly interesting such instance
arises when the polynomial z → z2 + 1/4 is the fibre map Px of a fixed point x (that is,
f (x) = x) and is ‘approached’ with polynomials z → z2 + 1/4 − ε, where ε↘ 0. It is
well known that the Julia sets for the polynomials z → z2 + 1/4 − ε vary continuously
towards the Julia set for z → z2 + 1/4, that is, the cauliflower. We will now consider a
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similar situation for fibred polynomials, though we will this time put emphasis not only on
the fact that the Jx ’s vary continuously towards the cauliflower, but also that they give rise
to a fibred system which is fibrewise expansive (the fundamental reason behind property
(2) of f ; see below) but not (globally) expansive (the reason for property (3); see below).
Theorem 31. Let P :X × C→ X × C be a fibred polynomial on the unit interval X =
[0,1] ⊆C. Assume that P(x, z)= (f (x),Px(z)), where f has the following properties:
(1) f is a homeomorphism of the interval;
(2) f (x) < x for all 0 < x < 1;
(3) f (x) x/8 for all x  x∗ and some x∗ > 0;
and that Px(z)= z2 + x/4. Then Y = (J (P ),P,X,f,πX) is a fibrewise expansive, com-
pact system whose fibres are continuous in the Hausdorff metric. Furthermore, Y is uni-
formly fibrewise open, but is neither fibrewise expanding nor expansive with respect to the
metric induced on J (P ) by the usual Euclidean norm ‖(x, z)‖ =√|x|2 + |z|2.
(One could choose for instance f (x)= x2.)
We will prove all these assertions through several lemmas. We will first try to locate the
Julia set J (P ).
Lemma 32. J0 is the unit circle and J1 the cauliflower.
Proof. As f fixes both 0 and 1, the sets J0 and J1 are simply the Julia sets for the poly-
nomials z → z2 and z → z2 + 1/4, respectively. These two sets are known to be the unit
circle and the cauliflower set, respectively (cf. [4, p. 131]). ✷
We may now turn our attention to the other fibres, where the Jx ’s are more difficult to
identify. The first approximation we obtain is the same as Heinemann’s [12, Lemma 3.3].
Following him, we set Aα,β = {z ∈C | α  |z| β}.
Lemma 33. For x ∈X, we have Jx ⊆A 1
2 (1+
√
1−x ), 12 (1+
√
1+x ).
Proof. Fix x ∈X. For n ∈ Z+ and |Pnx (z)|< 12 (1+
√
1− x ), we have∣∣Pn+1x (z)∣∣ = ∣∣Pf n(x)(Pnx (z))∣∣ ∣∣Pnx (z)∣∣2 + f n(x)/4
<
(
1+√1− x )2/4+ x/4= (1+√1− x )/2.
Hence the family {Pnx }n∈N is normal at any z with |z| < 12 (1 +
√
1− x ) by Montel’s
criterion. (Note that we used here a weaker version of property (2) of f .)
On the other hand, if |Pnx (z)|> δ2 (1+
√
1+ x ) for some δ > 1, then∣∣Pn+1x (z)∣∣  ∣∣Pnx (z)∣∣2 − f n(x)/4> δ2(1+√1+ x )2/4− δ2x/4
= δ2(1+√1+ x )/2.
Therefore the family {Pnx }n∈N is normal at any z with |z|> 12 (1 +
√
1+ x ) by Montel’s
theorem. (Once again, we used a weaker version of property (2).) ✷
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It is important to note that given any x0 < 1, the map Px0 := P |[0,x0]×C is a fibred
polynomial, though this time f |[0,x0] need not be open nor surjective. For these fibred
polynomials, we have the following result.
Lemma 34. Given x0 < 1, the fibred polynomial Px0 is expanding along fibres and
the fibred system Yx0 := (J (Px0),Px0, [0, x0], f,πX) generated by Px0 is fibrewise
expanding. Moreover, Yx0 has continuous fibres and is not expansive. Furthermore, each
Jx(x  x0) is a quasicircle.
Proof. Px0 is expanding along fibres and Yx0 is fibrewise expanding. Indeed,
Lemma 33 shows that [0, x0] × A 1
2 (1+
√
1−x0 ), 12 (1+
√
1+x0 ) contains J (Px0) and the
derivative of Px0 is bounded below by λx0 := 1+
√
1− x0 > 1 on that set. This implies
that Px0 is expanding along fibres with constants C = 1 and λ= λx0 . A simple argument
relying on the compactness of J (Px0) shows that the derivative of Px0 is greater than
one on a small neighbourhood of J (Px0) and hence that Yx0 is fibrewise expanding.
Yx0 has continuous fibres and each Jx(x  x0) is a symmetric (with respect to
the origin) quasicircle. Having already proved that Px0 is hyperbolic along fibres,
Proposition 28 ensures the continuity of the fibres. Furthermore, each Jx is clearly
symmetric with respect to the origin. One can also prove that each Jx is a Jordan curve
by calculating Jx by inverse iteration. Heinemann carried out this procedure for Cantor
skews and his argument carries over to our framework with very few and small changes
(cf. [12, proof of Theorem 3.2]). The interior of the Jordan curve Jx , namely the bounded
component of Fx , coincides with int Kx . Hence int Kx is connected. Moreover, 0 ∈ intKx .
Then Theorem 29 implies that Jx is a quasicircle for all x  x0.
Yx0 is not expansive. Each Jx ⊆ A 12 (1+√1−x ), 12 (1+√1+x ) (x  x0) is a symmetric
quasicircle that intersects the real axis of the complex plane in at least two distinct points,
one of them being positive. So let z ∈ Jx ∩ R+ for some x to be determined. According
to Lemmas 33 and 24(i), we have 12 (1 +
√
1− x )  12 (1 +
√
1− f n(x) )  Pnx (z) 
1
2 (1 +
√
1+ f n(x) )  12 (1 +
√
1+ x ) for each n ∈ Z+, the first and last inequalities
deriving from property (3) of f . Hence∣∣Pnx (z)− 1∣∣ 12 max
(
1−√1− x,√1+ x − 1).
Let g : [0,1/2]→R be the function given by g(x)= 5x/4− (1−√1− x )(1+√1+ x ).
The function g is continuously differentiable with g(0) = 0 and g′(0)= 1/4. Hence g is
positive on some interval [0, x ′ ] ⊆ [0,1/2]. Fix 0 < x min(x∗, x ′, x0). Then, for n ∈ N,
we have∥∥Pn(x, z)− Pn(0,1)∥∥ = ∥∥(f n(x),P nx (z))− (0,1)∥∥
 f n(x)+ ∣∣Pnx (z)− 1∣∣
= f n(x)+ ∣∣(Pn−1x (z))2 + f n−1(x)/4− 1∣∣
 f (x)+ ∣∣(Pn−1x (z))2 − 1∣∣+ f n−1(x)/4
 3x/8+ ∣∣Pn−1x (z)+ 1∣∣ ∣∣Pn−1x (z)− 1∣∣
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 3x/8+ 1+
√
1+ x
2
max
(
1−√1− x,√1+ x − 1)
 3x/8+ 1
2
max
((
1−√1− x )(1+√1+ x ), x)
 3x/8+ 1
2
max(5x/4, x)
= x  ∥∥(x, z)− (0,1)∥∥.
So all corresponding iterates of (x, z) and (0,1) stay within the distance separating these
two points. Since this is true for all sufficiently small x , we conclude that Yx0 is not
expansive. ✷
Proof of Theorem 31. Y has continuous fibres. The statement clearly holds for all x < 1
by Lemma 34. Hence only the continuity at x = 1 remains to be proved. Assume this is not
the case, that is, that the map x → Jx is discontinuous at x = 1. This means that there exist
δ > 0 and xn → 1 (when n→∞) such that dH (Jxn, J1) > δ for all n ∈ N. Thus, either
there are points zn ∈ Jxn so that |zn − J1|> δ or points ζn ∈ J1 so that |Jxn − ζn|> δ. By
taking subsequences if necessary, we may assume that zn → z0 and ζn → ζ0 ∈ J1 when
n→∞. Hence either there exists z0 ∈ πC(π−1X (1)∩J (P ))\J1 or there is ζ0 ∈ J1 such that
|Jxn − ζ0|> δ for all n sufficiently large.
Case of the existence of z0 ∈ πC(π−1X (1) ∩ J (P ))\J1: According to Lemma 24(ii),
J (P ) is forward invariant under P and hence the forward orbit of z0 lies in πC(π−1X (1) ∩
J (P ))\J1.
Now, if z0 belonged to the unbounded component of F1, then the forward iterates
of z0 would converge to ∞. (Recall that ∞ is a superattracting fixed point for the
polynomial P1 and that all points in the unbounded component of the Fatou set for P1
converge locally uniformly to ∞ under iteration.) Hence there would exist m ∈ N such
that |Pm1 (z0)|> 12 (1+
√
2 ). Therefore |πC(Pm(xn, zn))| = |Pmxn(zn)|> 12 (1+
√
2 ) for n
big enough and this would contradict Lemma 33.
If z0 belonged to the bounded component of F1, namely the interior of the cauliflower
J1, then the forward iterates of z0 would converge to the rationally indifferent fixed point
1/2 on a path which would be asymptotic to the axis of the (unique) attracting petal (cf. [1,
Theorem 6.5.8] and [16, p. 53]). As the petal’s axis lies along the segment [0,1/2], this
would imply that the iterates of z0 would eventually belong to B(0,1/2). This would mean
that |πC(Pm(xn, zn))| < 1/2 for n big enough and some m, and this would once again
contradict Lemma 33.
Conclusion: This case cannot happen, that is, the Jx ’s cannot accumulate in F1 when
x→ 1.
Case of the existence of ζ0 ∈ J1 such that |Jxn − ζ0| > δ for n ∈ N big enough:
Let m ∈ N be such that Pm1 (B(ζ0, δ)) ⊇ J1 and ξ0 be an accumulation point of the
sets Pmxn(Jxn) = Jfm(xn) (n ∈ N), which we may assume to belong to J1 following the
impossibility of the other case. By compactness of J1, there exists 0 < θ  1 such that the
inverse branch of Pm which maps (1, ξ0) into (1,B(ζ0, δ)) is defined on some connected
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neighbourhood of [1 − θ,1] × {ξ0}. Lemma 24(i) implies that the sets Jxn accumulate in
B(ζ0, δ). This contradicts the definition of ζ0.
Conclusion: This case cannot occur or, equivalently, the Jx ’s accumulate to every point
of J1 when x→ 1.
Y is fibrewise expansive. We have already proved that P1/2 is fibrewise expanding
and thereby fibrewise δ1-expansive for some δ1 > 0. Moreover, we know that P1 is δ2-
expansive on J1 for some δ2 > 0 since J1 contains no critical point (cf. [7, Theorem 4]).
We now claim that Y is fibrewise ε-expansive with ε = min(δ1, δ2,1/2). Let z1 = z2 ∈
Jx for some x ∈ X. The claim is clearly true when x = 1 by the choice of ε  δ2. So fix
x < 1. By definition of f , there is m=m(x) ∈ N such that f m(x) < 1/2. There are only
two possibilities:
(1) sup0nm |Pnx (z1)− Pnx (z2)|> ε;
(2) 0 < inf0nm |Pnx (z1)− Pnx (z2)| sup0nm |Pnx (z1)− Pnx (z2)| ε.
(Note that if there were some 0  n < m such that Pnx (z1) = Pnx (z2) but Pn+1x (z1) =
Pn+1x (z2) =: z, then |Pnx (z1) − Pnx (z2)| = 2|z − f n(x)/4|1/2  2(|z| − f n(x)/4)1/2 
2(1/2− 1/4)1/2 = 1 > ε and one would fall within the scope of the first case.)
If the first case prevails, then the result follows immediately. On the other hand, if the
second case prevails, then the two points (f m(x),Pmx (z1)) and (f m(x),Pmx (z2)) belong to
J (P1/2) and 0 < |Pmx (z1)− Pmx (z2)| ε  δ1. So the expansiveness takes place for the
two points (f m(x),Pmx (z1)) and (f m(x),Pmx (z2)), and the iterates of (x, z1) and (x, z2)
eventually fall to a distance greater than δ1  ε. Therefore the system is fibrewise ε-
expansive.
Y is uniformly fibrewise open. This follows from the fact that f is open and injective,
and from Lemma 16.
Y is neither fibrewise expanding nor expanding along fibres. If Y were expanding along
fibres, then P1 would be expanding on J1. But the Julia set for a rational map is expanding
if and only if this rational map has no rationally indifferent periodic points in its Julia
set (cf. [7, Corollary 5]). However, this is not true for P1 and so P1 is not expanding
on J1.
Furthermore, if Y were fibrewise expanding, then P1 would be expanding on J1 and this
is not the case.
Y is not expansive, less expanding. This follows directly from the last statement in
Lemma 34. ✷
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